A mirage is seen when atmospheric refraction distorts or displaces an image. We describe a mirage simulator that uses digital imaging equipment to generate mirage images from normal photographs. The I simulation program relocates horizonal image lines into positions that they appear to occupy, according to rays traced from observer to object. Image-brightness adjustments are not required; we show that, while the atmosphere can change the size or shape of an object, it does not change its apparent brightness. The realistic quality of the computed images makes this simulator a useful tool in mirage analysis.
I. Introduction
The term mirage is used for images that are distorted or displaced by a refracting atmosphere. The refractive ability of air depends on the gradient of its refractive index, which in turn depends mainly on the temperature gradient.' Thus a mirage can be computed by tracing rays though an atmosphere of known temperature distribution (the forward problem). Alternatively, the knowledge of the true shape of an object, together with its mirage image, may permit reconstruction of the temperature distribution (the inverse problem). Work on both problems is greatly facilitated if a realistic mirage image can be displayed.
In this paper we describe the development of a mirage simulator that produces monochrome continuous tone images calculated from digitized source photographs. 2 The approach is distinct from the work of Berger et al. 3 in that it does not require the creation of a three-dimensional computer graphics model of the object-rather, it uses original photographs of real objects to provide a far higher degree of realism.
The imaging properties of a given atmosphere can be graphically summarized in two distinct forms. Each of these requires the tracing of a bundle of rays out from the observer's eye, and each is a representation of the apparent height of object points in the field of view. Apparent height is computed by straight-line backprojection of rays entering the observer's eye.
One form is the image space,' which shows the apparent heights of surfaces of constant elevation. The image-space concept is most useful for estimating images of objects that possess considerable longitudinal extent, i.e., varying distance from the observer. The second form, which carries the smaller computational burden, is the transfer characteristic. 5 This is a graph of apparent versus actual elevation of object points at a single specific distance from the observer, i.e., it is a cross section of the image space at a fixed distance. This form is more convenient and is sufficiently accurate if the object's longitudinal extent is small relative to its distance from the observer. A large proportion of practical mirages falls into this category. Detailed image construction is laborious with both representations; typically, the points on a line drawing of the object are individually mapped into new apparent positions and joined by straight lines to create a line drawing of the image.' Entry of object data is slow; either individual coordinates are entered by hand or the object can be traced on a digitizing tablet. Because the computed image is still only a line drawing, it is not entirely satisfactory. Certainly it is not convincingly realistic when compared with a direct photograph of a mirage.
II. Image Calculation
Commonly available image-processing equipment, consisting of a camera, a frame grabber, and a personal computer, is sufficient to generate realistic mirage simulations. The equipment used in this work consisted of a PCVision 640 x 480 pixel frame grabber (Imaging Technology, Inc.), installed in an IBM PC AT-compatible personal computer. Indeed, once the original image is digitized and stored, a VGA monitor is adequate to display the results. Versions of the software have been written in both c and PASCAL.
The starting point is an undistorted image of the object. This may be obtained from the same station from which the mirage was observed, as long as one is certain that no mirage is present (this is not a trivial problem in polar regions). Alternatively, a photograph made at closer range may be used, provided that its perspective and line of sight are consistent with the mirage photograph geometry. The method selected for the simulation is based on the transfer characteristic (TC) approach. The TC may be generated by tracing a bundle of rays through any suitable atmospheric model; or it may, for experimental purposes, be arbitrarily created. The quality of the result will clearly depend on the ray-tracing algorithm in use. Such algorithms are discussed elsewhere. 7 ' 8 Thus, for example, the spherical shell model that uses a continuous temperature function and accounts for pressure variation with elevation will produce better results than a process 3 that does neither of these.
When the undistorted photograph is digitized, a vertical distance scale is imposed on it. The actual elevations of two selected pixels must be entered by means of a cursor or a horizontal reference line. These pixels are normally the highest object point on the horizon. The computer thus knows the object The image is calculated from the TC, which is entered as an array of data points. Figure 1 shows the results of a typical calculation; the temperature profile determines the shape of a ray bundle, from which the TC is extracted. Because the TC is frequently multiple valued in its abscissa (zobj) but always single valued in its ordinate (Zapp), the image calculation procedure scans the TC upward along the ordinate, in a step size equal to the object scale. For each step in Zapp, the corresponding object elevation is computed by linear interpolation and quantized to the same step size. The results are stored in a one-dimensional array as follows:
The index number of each element is equal to the row number of the mirage image to be displayed, while the value of each element is the row number of the original image that is to be displayed in this location. Thus the whole operation is simply a relocation of object pixel rows into image rows, as dictated by the TC.
Adjustment of pixel brightness is not required in the creation of the mirage image; we show in Appendix A that apparent brightness does not change when the atmosphere distorts a normal image into a mirage. This result is consistent with our photographic observations; clearly defined mirage images have shown no anomalous brightness distributions. The calculated image will occupy fixed limits on the screen, which are determined by the lowest and highest ordinate values in the TC [ Fig. 1(c) ]. If this image does not fill the screen, further steps are taken. The lower part of the screen is filled with the original foreground. This normally produces minimal errors because rays striking the ground without propagating to the object generally have short ranges for which refractive distortions tend to be minimal. The upper part of the screen is filled with the sky image from the original object; because sky is generally featureless, this also produces no disturbing effects. In practice, as the examples in Section III show, these sky and foreground additions contribute to realistic images.
Ill. Examples
The following examples demonstrate the capability of the mirage simulator to generate realistic equivalents of actual observations and to explore new possibilities that might be observed:
1. The image pair in Fig. 2 was obtained at Resolute Bay, Northwest Territories, Canada. The elevation of the highest peak is 340 m (map data). The corresponding TC is deduced by measuring the elevations of corresponding points in Fig. 2(a) (actual elevation) and Fig. 2(b) (apparent elevation) . The result, after some fine tuning based on image comparison, is shown in Fig. 3 . The calculated mirage image (Fig. 4) as photographed on the display monitor provides a realistic and quite accurate representation of the actual mirage photograph. Small differences may be attributed to the assumptions made at the outset: that the target object occupies a single plane and that the atmosphere is laterally homogeneous. 2. Figure 5 (a) shows a line of hills bordering the Beaufort Sea, at Tuktoyaktuk, Northwest Territories, Canada; Figs. 5(b) and 5(c) show superior and inferior mirages, respectively. The two corresponding TC curves (Fig. 6 ) generate the simulated versions of Fig. 7 . Again, real-appearing images are seen on the monitor. A staircase effect is visible in Fig. 7(a) because (i) the original image has small vertical extent and (ii) the vertical magnification of the mirage is large. In the high-magnification zone each original image line is repeated several times in the mirage image, resulting in the stepped appearance.
3. The mirage simulator can be used to test new possibilities. For example, mirages provide a good scientific explanation 9 ," for frequently reported sightings of lake and sea monsters." A mirage can distort any ordinary object into unrecognizable shape, as illustrated in Fig. 8 . Here a group of walruses photographed in the wild by Fred Bruemmer' 2 takes on monstrous proportions when processed by the TC of Fig. 8(c) .
IV. Conclusions
This approach to simulating mirage images produces realistic results. The simulation is designed for a cases the determining factor in the assessment of model validity is the degree to which model images agree with field observations.
Appendix A
We show that in the spherically symmetric atmosphere the brightness distribution in a mirage image is the same as that of the normal image. First we obtain a relation between the angle subtended by a unit area looking backward and that looking forward along the same ray; then we use this result to compare the irradiance of a mirage image with that of its undistorted counterpart.
The equation of the ray path is given in standard references. 4 ", 5 To review briefly, we use polar coordinates r, with the origin at the Earth's center (Fig.   9 ). The refractive index n is a function of r only. Each ray is contained in a plane that includes the origin. Along a given ray the quantity nr sin 0 = k is invariant, where 0 is the zenith angle of the ray. From the ray invariant the equation of the ray path itself can be found:
where f (r, n, k) = k/r(n 2 r 2 -k 2 )" 2 .
Begin with the observer at A (Fig. 9 ) and calculate the vertical angle subtended by a small radial displacement at B, i.e., let rB increase by a small amount E, and find the resulting change dO in 0. Since the rayAB and the new ray to r + e share the same + value, the path 16 integrals can be equated: right-hand integral into two:
Perform the obvious cancellation and iguore terms of ( second order to obtain the angle subtended by e at A: We now reverse the ray to obtain the angle subtended by a height E at A as seen by an observer at B. nterchange the subscripts A and B. Let a be the 1.5 zenith angle of the ray BA at B (note that a = r -0') and du be the angie subtended by the radial length Thus the ratio of angles subtended by a short radial distance e is da r,
This result can be rewritten in terms of angles subtended by short equal-line segments perpendicular to the ray, as
Thus in general an observer at A looking at an object of height h perpendicular to the ray at B will not see it to the same scale as an observer at B looking at the same object at A.' 6 In air, however, n is always close to unity, so this scale difference will scarcely be noticeable.
We can now proceed to the main result. Begin with the case where rays are straight, and consider a small patch SS on the object, of radiance B (see Fig. 10 ). A lens whose entrance pupil has area A subtends a solid angle MQ at BS, where MQ = 8A cos -r /12. The lens thus receives radiant power BP = B cos toSUI, which it distributes over the image BS' of SS. Let bo) be the solid angle subtended by BS at the lens; this is also the solid angle subtended by the image BS' at the lens: o = S cos /l = S' cos 3 /f'. For straight rays between S and A, the solid angle at one end subtended by a unit perpendicular area at the other is the same in both directions, i.e., Image brightness is given by the irradiance at the focal plane (image power per unit area); this quantity is equal to
Use Eq. (A12) to eliminate S and SM, and then replace So to obtain the well-known result for image illumination":
We now consider the spherically symmetrical atmo- sphere, in which the rays are curved in the vertical plane (see Fig. 11 ). Since the rays are not deflected laterally, changes in solid angles depend only on vertical deflection. But we showed above that vertical angles subtended by unit lengths normal to the rays were nearly the same (in air) looking both ways along a ray. This implies that Eq. (A12) holds (nearly) for curved rays as well:
A cosq X' S -cos '
The image irradiance analysis for this case follows the same steps as for straight rays (above) and produces the same result: For practical mirage images both and -j' are typically < 1; the cosine term is then close to unity for each, and the difference is negligible. Thus the image irradiance in the mirage image [Eq. (A16)] is the same as that for straight rays [Eq. (A14)]. This is intuitively reasonable; in the case of a magnified image, for example, 8x' and BS' are, respectively, larger than bo and SS, but more radiant power is collected from SS to compensate exactly for the increased image area.' 8 Thus the relocation of pixel rows in the mirage simulator without changing their brightness is justified, because any spot on a mirage has the same brightness as the corresponding spot on the original.
